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ABSTRACT Progressively more advanced and complex models are proposed to address problems related to
computer vision, forecasting, Internet of Things, Big Data and so on. However, these disciplines require
preprocessing steps to obtain meaningful results. One of the most common problems addressed in this
stage is the presence of missing values. Understanding the reason why missingness occurs helps to select
data imputation methods that are more adequate to complete these missing values. Missing at Random
synthetic generation presents challenges such as achieving extreme missingness rates and preserving the
consistency of the mechanism. To address these shortcomings, three new methods that generate synthetic
missingness under the Missing at Random mechanism are proposed in this work and compared to a
baseline model. This comparison considers a benchmark covering 33 data sets and five missingness rates
(10%, 20%, 40%, 60%, 80%). Seven data imputation methods are compared to evaluate the proposals,
ranging from traditional methods to deep learning methods. The results demonstrate that the proposals are
aligned with the baseline method in terms of the performance and ranking of data imputation methods. Thus,
three new feasible and consistent alternatives for synthetic missingness generation under Missing at Random
are presented.

INDEX TERMS Data preprocessing, missing data, missing at random, synthetic missingness, deep learning,
machine learning, artificial intelligence.

I. INTRODUCTION valuable not only for regression or classification tasks but

Missing data pose a current problem for all types of
applications considering the volume of information
exchanged every second. This issue arises due to the absence
of values registered for certain features. It is occasionally
attributed to errors of non-response or inconsistency.
Therefore, it must be addressed before any knowledge
generation or decision making. In particular, in some sensible
contexts, such as medicine, economics, and public policy,
missing data problems may have a greater impact. It is
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also for other preprocessing steps such as feature selection.
Missingness may be present only in certain features and
may be related to its values or those of other variables.
This behavior, which is referred to as the missingness
mechanism, was described by Little and Rubin [1]. Briefly,
these mechanisms can be affected by randomness; in
Missing Completely at Random (MCAR) and Missing at
Random (MAR) mechanisms, missingness is only affected
by observed features, or there is no relation at all; and
in Missing not Random (MNAR) mechanisms, missingness
cannot be explained based on observed values. Typically,
the mechanism is intrinsically related to the area in which
knowledge data are collected. Medical data tend to be more
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sensitive to MNAR mechanism [2] and MAR [3] while those
that are related to sensors are MCAR or MAR [4].

Initially, this problem was ignored by performing List-wise
deletion, which removes any instances with missing values.
A better approach is to estimate what the real data were
from the observed values. This method is referred to as Data
Imputation. Traditionally, statistical methods, such as mean,
mode, or regression models, have been used to perform this
estimation. However, some of these methods may produce
bias [5]. In addition, methods based on similarity, such as
Hot-Deck imputation, have been widely used. Reference [6]
employed this approach to impute geographical coverage data
to improve water quality decision-making. Another example
is Multiple Imputation by Chained Equations (MICE) which
is considered a state-of-the-art method. This approach was
used in [7] for substituting anomalous data or missing
electricity usage data.

Machine learning methods such as Neural Networks
or Decision Trees are a better alternative than statistical
methods because they typically provide better results [8].
In [9] Multilayer Perceptrons were used to impute data
from diverse areas exposed to perturbation procedures that
generate missing data under the MCAR mechanism. The
results demonstrated the superiority of the machine learning
approach to address missing data problems.

Decision Trees and by extension, Random Forests, are
suitable for treating data sets with mixed features. In the same
manner, missForest proposed in [10] tackled missingness in
both feature types. Results reflect that this method provides
robustness in multiple situations. In addition, the authors
considered that the proposed method could outperform other
imputation methods in extreme cases, such as when more
variables than observations.

Deep Learning models have also been increasingly used
to address such problems. As an example, Denoising
Autoencoders (DAE) have demonstrated good results in
reconstructing noisy images [11]. This approach has also
been extended to tabular data, where noise represents missing
data. Reference [12] used DAE to complete traffic data in a
time-series context.

Other deep learning methods have shown good results
in different domains. In the case of time series problems,
Generative Adversarial Networks (GAN) or Variational
Autoencoders (VAE) have been proposed to address missing-
ness. [13] proposed GAN with GRUI cells to impute missing
data on KDD data set, and they obtained overall better results
than other methods. Also, [14] proposed a new generative
model called GAIN, based on GAN networks, to carried
out the imputation task. It was compared to other methods,
such as MICE and Autoencoders, and achieved better results.
The work in [15] proposed VAE with a Gaussian process in
different domains, and it demonstrated superiority on image
and time-series data sets.

The majority of previously exposed examples were
subjected to the MCAR mechanism considering real data.
However, when considering complete data sets without
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missing values, a methodology to simulate the characteristics
of different mechanisms is required. In case of missing data
under the MCAR mechanism, the approach is straightforward
because it is easier to achieve its properties. However, this is
not be the case for MAR and MNAR mechanisms, since it
is more difficult to generate extreme missingness rates while
maintaining the premises of the mechanisms [16].

In [17] an adjusted weight voting method for random forest
was proposed for handling missing data. The missingness
was only generated for a single feature by dividing the rank
of the values of each index by the sum of all ranks of
another variable. In addition, the maximum missingness rate
considered was a 30%. It should be noted that only a single
feature was perturbed; thus, no extreme missingness rates
could be achieved.

The multivariate synthetic generation of missingness was
considered in [18]. The perturbation procedure first divided
the data set into k subsets and computed the weighted
sum scores to determine the probability of being marked as
missing. A weight was assigned to each feature, and in the
case of MAR, the weights were set to zero for features that
would be perturbed.

Moreover, in [19] the original data set was also divided into
subsets. Missingness was generated in accordance with the
desired ratio. In order to achieve this, features were paired
using correlation. Subsequently, a probability distribution
was employed to determine which instances would undergo
perturbation. The maximum rate of missingness considered
was 40%.

A benchmark of the three missingness mechanisms was
proposed in [20]. The synthetic missingness generation of
MAR was based on [21]. Therefore, two percentiles were
selected for a given feature, each corresponding to the lowest
and highest values. If values of another variable fell in
that percentile, they were marked as missing. A maximum
missingness rate of 50% was contemplated.

In [22] the missingness was introduced only for indepen-
dent variables considering a Bernoulli distribution between
fully observed features. Only 20% and 50% missingness rates
were selected.

The misstastic library was used in [23] for generating
missingness under the MAR mechanism using a logistic
model. The highest ratio considered is 50%.

The exposed limitations are often caused by the synthetic
generation method. For example, in [24] the maximum
possible missingness rate was 25%, while in [25] was 50%.
These are some reasons why MAR missingness is more
challenging than the MCAR mechanism.

In [26] these issues were addressed for the MNAR
mechanism. But, for MAR mechanism no similar study has
been encountered.

Therefore, in this work, a study on three novel techniques
to generate synthetic missing data under MAR mechanism is
presented. The first approach uses the Pearson correlation,
in which the computed values help to establish which
variable will be subjected to have missingness. On the other
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hand, Mutual Information (MI) and Minimum Redundancy
Maximum Relevance (mRMR) are proposed to carry out the
same task. Moreover, each proposal is prepared to handle
and generate missingness considering multiple scenarios.
So, for each proposed method there are multiple variants.
Specifically, these variants allow different masking processes
depending on feature type, continuous and categorical.
Moreover, multiple causative features are considered for
allowing rates from 10% to extreme rates as 80%. In addition,
these methods are compared in an exhaustive benchmark
using some of the considered state-of-the-art methods for
data imputation, such as Autoencoders and MICE, as well as
traditional methods such as mean/mode or k-NN. Therefore,
using data imputation methods for the benchmark allow to
assess the differences between the proposed methods and the
baseline method.

The remainder of this paper is organized as follows:
an overview of missing data concepts is presented in
section II. The experimental setup, including the data sets,
preprocessing, and imputation methods, is explained in
section III. In section IV, the proposals are described.
In section V, the results are presented and discussed. The
conclusions and future work are described in section VI.

Il. MISSING DATA
Missing data or the absence of values in some observations
for one or more features represents a problem when trying
to generate new knowledge. Missingness can be caused by
multiple reasons, as previously mentioned. The most suitable
method to impute missing values depends on the mechanisms
and knowledge extraction application. Formally, given a X
data set with n observations and p features, a nxp M matrix
is defined, representing the missingness can be obtained as
follows.

My = [ (1) zf missing )

if observed

This matrix M is used as a mask to distinguish missing
data patterns. Insights about these patterns can be obtained
by sorting the data according to the number of missing values.
Two aspects are generally considered, the number of features
affected by an absence of value and how missingness appears.
In the case of the former aspect, univariate and multivariate
patterns can be noticed depending on whether only one or
more features are affected. Moreover, a monotone pattern
is observed when an absence of value is present for the
same variables and observations, whereas a non-monotone is
distinguished in any other case.

Missing data can arise from different causes. Reference [1]
distinguished three mechanisms considering the relationship
between missing values and variables.

e MCAR (missing completely at random). The appear-
ance of missing data is not dependent on any variable

nor its values, whether observed or unobserved.
P[X; = miss|Xq, ..., Xp] = P[X; = miss]
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« MAR (missing at random). Missing data presence
depends on the values of other observed variables but
not feature values.

P[X; = miss | X1, ..., Xp]
=PX; =miss | X1, ..., X1, Xjy1, ..., Xp]

« MNAR (missing not at random). The missingness of any
variable depends on its own values.

P[X; = miss | X1, ..., X,] = P[X; = miss | X;]

As noted in section I, the most common mechanism is
MCAR, regardless of whether it is indicated or not, as it is
assumed if not specified. Therefore, three different methods
for generating synthetic MAR data are proposed in this work.

lIl. EXPERIMENTAL SETUP

In this section, data sets and their respective characteristics
are described, as well as the preprocessing steps performed.
In addition, the imputation methods are described in detail,
together with hyperparameters. Finally, the metrics used to
assess the imputation quality are explained.

A. DESCRIPTION OF THE DATA

In these experiments, 33 data sets were selected considering
various domains and properties, such as the number of cat-
egorical and continuous features or the number of instances.
The data sets were selected from the OpenML repository [27]
covering various situations without performing any previous
modification as these data sets does not contain missing data.
Table 1 summarizes the characteristics of the selected data
sets for the experiments. The division reflects continuous,
categorical, or mixed data sets. There are four columns, where
n represents the number of instances, p, and p. show the
number of continuous and categorical features, respectively,
and p; represents the total number of features.

B. PREPROCESSING

Preprocessing is a key step of any machine learning problem.
This is how data are treated to be appropriate for use in
machine learning models. Considering the different types of
data sets selected for the experiments, several transformations
were applied.

Continuous features were normalized into the range[0, 1],
which facilitated faster convergence in the neural network
optimization algorithms.

X — Xmin
Xscaled Xmax — Xmin (2)

For categorical features, a codification based on One-hot
Encoding algorithm is performed. This method encodes each
category of the feature with a binary variable; thus, given a
feature with ¢ categories, ¢ binary variables are added to the
data set.

Therefore, model inputs are higher dimensional than
initially, as it can be observed in Table 1 with p; and p.
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TABLE 1. Data sets used in the experiments.

Name n Pg___Pe__ D
Blood-transfusion 748 4 0 4

Bodyfat 252 14 0 14
Mammography 11183 6 0 6

Phoneme 5404 5 0 5

Pollen 3848 5 0 5

Quake 2178 3 0 3

seeds 210 7 0 7

sylvine 5124 20 0 20
Thyroid-new 215 5 0 5

Twonorm 7400 20 0 20
Vehicle 846 18 0 18
Breast 699 0 9 89
Car 1728 0 6 21
HayesRoth 160 0 4 15
Kropt 28056 0 7 40
Lymphography 148 0 18 60
Nursery 12960 0 9 27
PhisingWebsites 11055 0 31 68
Sensory (about wine) 576 0 12 36
Solar 1389 0 7 16
SPECT 267 0 22 44
TicTacToe 958 0 10 27
Abalone 4177 7 1 10
Boston 506 12 1 14
Cardiovascular-Disease 70000 5 6 19
Cmc (Contraceptive) 1473 2 7 24
churn 5000 16 4 33
Eye-movements 10936 24 3 30
Flag 194 10 18 77
PopularKids 478 6 5 22
Saheart 462 8 1 10
SKY 10000 15 1 20
Thoracic-surgery 470 3 13 37

values. A decoding process based on the SoftMax algorithm
is performed to obtain a complete data set and proceed to error
measurement.

C. IMPUTATION METHODS

Considering the amount of information processed, addressing
missing data problems is critical. This problem can arise
in multiple disciplines, and several approaches have been
used to address it. Aforementioned, from traditional methods,
such as Mean/Mode or Hot-Deck, to state-of-the-art methods,
such as MICE and SoftImpute. Moreover, Machine Learning
methods such as k-NN, and methods based on neural
networks have been widely used in the literature. Since an
extensive benchmark is required to assess the performance of
MAR data, these seven methods have been selected to han-
dling incomplete data. Thereby, a comprehensive comparison
between the MAR synthetic generation procedures can be
conducted. These methods are described below.

o Mean/mode substitution (MM): This method completes
the missing datum with the mean or mode of the
observed feature values. If a variable presents several
records with missing values, all of them are replaced
with the same value, which is computed depending on
the data type. Thus, the mean is computed for continuous
features and mode for categorical variables.

o k-Nearest Neighbors (k-NN): This method compares
individuals with missing data to complete instances.
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For this purpose, the distance is computed, so that the
nearest k records are used to replace incomplete data
according to the mean or mode of these k records.

o SoftImpute (SI): This method allows to obtain a matrix
in which missing values are replaced iteratively using
soft-thresholded Single Value Decomposition (SVD).
Therefore, data set is completed through a low-rank
solution.

o Multiple Imputation Chained Equations (MICE): This
method is based on the multiple imputation approach.
MICE uses a succession of regression models to
progressively fill in missing values in a feature. Once a
feature has been completed, it is used as an additional
independent variable for the remaining features. This
process is repeated a certain number of times to generate
a unique data set.

o Denoising Autoencoders (DAE): This model is a type
of fully-connected neural network whose goal is to
reproduce its input by learning a latent representation.
Although it is usually associated with computer vision
problems, its gaining presence for addressing missing
data problems due to its noise removal capability. In this
context, training is performed on a corrupted version of
the data set to reconstruct the original database.

o Variational Autoencoders (VAE): Similarly to DAE, it is
capable of reproducing its input to output by learning
the data distribution through mean and variance. Using
a Gaussian distribution, samples can be drawn to feed
the latent space layer in the VAE.

e GAIN: A model based on Generative Adversarial
Networks, which comprise a discriminator and gen-
erator. In the data imputation context, the generator
addresses the imputation process, and the discriminator
attempts to discern whether the data are actually real
or imputed. GAIN model achieves, through a hint
mechanism, an imputation that is consistent with the
data distribution.

These data imputation methods have either been imple-
mented or public implementations have been used. MICE,
k-NN and Mean/Mode are available in Scikit-Learn library.
The Muzellec implementation [28] is considered for the
Softlmpute method. Autoencoder-based methods have been
implemented using the Pytorch-Lightning library. For GAIN,
an adaptation of the Pytorch version' is used.

In Table 2 a summary of the hyperparameters and their
values for each model is provided. Considering the extensive
benchmark and high computational cost, careful trials were
conducted to determine the optimal hyperparameters and
ensure a balance between the methods and data sets.

D. MODEL EVALUATION

To assess the performance of each imputation method,
several metrics were considered. The selection depended
on three considerations: continuous only, categorical only,

1 https://github.com/dhanajitb/GAIN-Pytorch
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TABLE 2. Models configuration.

Model Hyperparameter Value
k-NN k 5
Distance Euclidean
MICE Estimator Random Forest
#lterations 25
DAE Structure 2 layers
Hidden nodes 0-h,_1
Latent space 0% - p,
Optimizer AdamW
Learning rate 0.001
Regularization (I2) 0.01
VAE Structure 2 layers
Hidden nodes 0-h,_1
Latent space 02 - p,
Optimizer AdamW
Learning rate 0.001
Regularization (I2) 0.01

and mixed data sets. In the case of a data set with only
continuous features, Weighted Mean Absolute Percentual
Error (WMAPE) is computed.

n A~
Z lyi — il
WMAPE ==L 3)
n
2 il
i=1

If the database only contains categorical features, then a
decoding process to reverse the One-Hot encoding through
the Softmax function is performed before obtaining the error
rate.

n
2. Vi # i
i=1 . ( 4)

The selection of these two metrics allow to report errors

that are on the same scale.

Error,ge =

IV. METHODOLOGY
In this section, three novel procedures to generate synthetic
missing data under MAR mechanism are proposed.

Synthetic generation of missing values mimic real-world
scenarios to assess the quality of the data imputation models.
To simulate MAR situations, the relationship between each
independent variable is instead calculated. Thus, most
correlated features can be used to mask another feature as
described in [25]. This synthetic generation procedure is
considered for missing rates of 10%, 20%, 40%, 60%, and
80%.

An example of this strategy can be observed in Figure 1,
which represents how correlated variable X; is to X;. More
intense colors indicate greater correlation or dependence.
Thus, feature X; is perturbed according to the data type of
X;.

In the case of continuous features, the indexes of the
lowest or highest values of X; are used as a mask for X;.
An example of this behavior is shown in Figure 2, in which
the intensity of colors correlates with the value. Therefore,
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FIGURE 1. Correlation between feature X; and the others.

lighter cells are equivalent to lower values, whereas darker
positions correspond to higher values. Note that feature X;
is more correlated to X;; thus, it is masked according to the
selected approach. In this example, the indexes of the lowest
values of X; are used to generate missingness.

] | ?
[ | [ |
B [ | B [ |
[ | [ ] [ | [ |
B » U
F——
[ | [ | [ | [ |
[ ] [ ]
[ | [ |
. | ?
X X, X, X, XX, \LnX X X XX

FIGURE 2. Missing values generation procedure.

In contrast, the most or less frequent approaches may be
followed if it is a categorical feature. Note that if there are
not enough instances of a certain category, random sampling
of the next frequent category is performed. Thus, up to four
variants can be considered for each of the proposed methods.

Therefore, this process is iteratively repeated by pairing
up independent-dependent features until the desired missing
rate is achieved. Figure 3, shows an overview of the design
of the experiments. Missing indexes in the perturbed data set
are represented by a lighter shade. For the imputed data set,
the same color intensity approach was used to represent lower
or higher values. Thus, only indexes that were missing show
different gray scale colors.

It can be noticed that after the perturbation procedure,
a hold-out sampling is carried out, obtaining a train and a
test set with both subjected to having missing values in the
same proportion. The 70% of the instances are selected for
the training set while the remaining 30% is used for the test
set. Thus, the data imputation method is trained and then
evaluated on the test set to obtain the metrics and a complete
data set. These experiments are repeated for 30 trials for
each missingness rate. Thus, the inherent variability of the
sampling process is mitigated.
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1 Procedure

XX X, X, X, X, X1 X Xi X Xpa
Original Data set Perturbed Data set

Train set (70%)

Evaluate Model
Performance

XX X X; XX,
AN Imputed Data set J/

Test set (30%)
Repeated for 30 trials

hES Repeated for 10%, 20%, 40%, 60%, 80% missing rates P4

FIGURE 3. Experimental process for each database.

In this study, three novel strategies were considered:
Pearson correlation coefficient, Mutual Information (MI),
and Minimum Redundancy Maximum Relevance (mRMR).
Different aspects can be considered about how synthetic
generation is handled. Firstly, these three strategies can have
multiple causative features and share a masking_method
parameter for controlling the masking process. This param-
eter adjusts the generation of missingness depending on
feature type. Lowest or highest values are used in case of
continuous features whereas most or less frequent values
in case of categorical variables. Thus, the masking_method
parameter allows to select one of the four aforementioned
variants. Algorithm 1 shows the overall process of synthetic
missingness generation. The proposed generation meth-
ods are benchmarked against previously proposed method
for generating missingness under MAR mechanism by
Garciarena [29]. This strategy is used as a baseline to compare
the performance of the proposals. In order to carry out this
benchmark between the synthethic generation procedures the
aforementioned data imputation methods are used.

A. BASELINE
The approach proposed by Garciarena [29] involves ran-
domly to sample an unique feature that is used as a causative
variable to generate the missingness in the remaining
features. Thus, to maintain the restrictions of the MAR
mechanism, the indexes of the lowest values of the causative
feature are subjected to be missing in other variables. Note
that one feature will not be perturbed since the causative
variable is not subjected to have missing values; thus, the
missingness ratio must be distributed between p; — 1
features. Therefore, only one feature is considered as a
causative.

In addition, to be able to handle categorical features,
a similar approach of masking the lowest values in other
features. So, if the sampled causative variable is categorical,
the frequencies of each category are computed and sorted
in ascending order. Therefore, indexes of less common
categories are those that are subjected to be missing in the
remaining features.
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B. PEARSON CORRELATION COEFFICIENT
Pearson’s correlation coefficient indicates the linear relation-
ship between two variables. This relationship can exhibit
strong positive correlation (values near 1), strong negative
correlation (values near —1), or no correlation (value of 0).
Therefore, the coefficient is pairwise calculated for each
pair of variables in the data set. Then, features that are more
correlated with others are used as causative for the masking
process.
In Algorithm 1 it can be observed how the missingness is
artificially generated after computing the Pearson correlation
coefficient between each feature.

Algorithm 1 Pseudocode for Pearson Generation Procedure

Input: M, missing_rate, masking_method
Output: perturbed_dataset
m < NumberObservations(M)
n < NumberFeatures(M)
scores < RMX1
scores < PearsonCorrelation(dataset)
scores < abs(scores)
diagonal(scores) < 0
miss_features < {}
while desired missing_rate is not achieved do
independent , dependent < argmax(scores) oy, column|0]
miss_index < Get [mr x m] indexes of M[:, dependent] according to
masking_method
perturbed _dataset[miss_index, independent] <— NaN
miss_features < miss_features U dependent
for each feature feat in miss_features do
scores|feat,:] < 0
scores|:, feat] < 0
end for
end while

C. MUTUAL INFORMATION (MI)

Mutual Information algorithm is based on information theory
and is tied to Shannon entropy. It measures the amount of
uncertainty that can be reduced by knowing another feature.
This represents the information of a single feature that can
be obtained by observing another. Formally, the mutual
information of two variables X and Y is defined as follows:

P(x,y)

I(X;Y) = gP(x,w log )

VOLUME 12, 2024
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In this definition, P(x) and P(y) are the marginal proba-
bilities, and P(x, y) is the joint probability. Thus, obtaining a
nonzero value implies a degree of dependence between the
variables. Moreover, achieving a value of 1 means that these
features are strongly dependent. However, obtaining a zero
value indicates that the variables are completely independent.

Therefore, the Mutual Information is computed between
the complete data set and each feature as a target variable.
The general procedure can be observed in Algorithm 2.

Algorithm 2 Pseudocode for Mutual Information Generation

Procedure
Input: M, missing_rate, masking_method
Output: perturbed_dataset
m < NumberObservations(M)
n < NumberFeatures(M)
scores < RMX7N
for each feature f of M do
target < M[:, f1]
mi_scores < Mutuallnformation(M , target)
scores|:, f] <— mi_scores
scores[f,f] < 0
end for
scores <— abs(scores)
miss_features < {}
while desired missing_rate is not achieved do
independent, dependent < argmax(scores) oy, columnl0]
miss_index < Get [mr x m] indexes of M[:, independent] according to
masking_method
perturbed_dataset|miss_index, dependent] <— NaN
miss_features <— miss_features U dependent
for each feature fin miss_features do
scores[f,:] < 0
scores|:, f] < 0
end for
end while

Algorithm 3 Pseudocode for MRMR Generation Procedure

Input: M, missing_rate, masking_method
Output: perturbed_dataset
m <— NumberObservations(M)
n < NumberFeatures(M)
relevance_scores < {}
for each feature f of M do
X <« M[,{1,..., n} —{f}
target < M[:, f]
relevance_scores < relevance_scores U > MRMR(X , target)elevances
end for
independent <— argmax(relevance_scores)index[0]
dependent < {1, ..., n} — {independent}
miss_index < Get [mr x m] indexes of M[:, independent] according to
masking_method
perturbed_dataset[miss_index, dependent] <— NaN

D. MINIMUM REDUNDANCY MAXIMUM RELEVANCE
(MRMR)

This algorithm is frequently used in feature selection contexts
because it selects features with which the target is more
correlated. The procedure is based on two principles:
selecting features that add information and are not redundant
or mere copies, and ensuring that these features are strongly
related to the output variable. Thus, this method aims to
minimize redundancy R and maximize relevance D of a
feature set X to represent target variable y [30]. This method
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uses the definition of Mutual Information as follows:

1 1
D=EZI<X,~,y> R= o > IX X))
Xl'EX X,',X]'EX

where X; and X; are two features of the data set and |X|
correspond to the total number of features.

In Algorithm 3 can be observed the procedure used to
generate missingness with the MRMR technique. In order
to select it, the relevance scores of the MRMR method are
considered. Then, each feature is considered as a target, and
the optimal set of features to represent it is computed. The
relevance values are summed up to select the maximum value
after all features were considered as target variables. The
variable with the maximum value is selected as the causative.
Finally, the masking process is carried out in the same manner
as in the previous methods. Contrary to the previous method,
only one variable is causative, similar to the baseline method.

These experiments have been conducted using the research
support supercomputer called Urania from the University of
Céadiz. The specifications consist of 20 computing nodes each
containing two Intel CPUs Xeon-Platinum 8358 that runs at
2.6GHz and 256 GB of RAM memory.

V. RESULTS AND DISCUSSION

In this study, several methods for generating synthetic
missing data under the MAR mechanism are presented.
Specifically, the approaches of Pearson, MI and MRMR,
were applied considering both feature types: continuous
and categorical. Two masking processes are carried out for
continuous features, targeting either lower or higher values.
In case of categorical features, no significant differences
in the results were detected using a most frequent or
less frequent approach. Therefore, the masking process
for categorical features only involved the use of most
frequent values. Thus, for each mechanism two scenarios are
considered, masking by lowest or highest values, both with
the most frequent approach.

A. BASELINE

First, the results of the baseline generation method are
presented. It can be observed in Table 3 how DAE achieves
the best results for continuous features. It is closely followed
by VAE. In addition, other methods, such as k-NN and MICE,
demonstrate slightly worse performance. Mean/Mode and
SoftImpute obtain the worst results for continuous features.

In Table 4, the results for categorical features are
presented. In this case, differences arise between missingness
rates. Autoencoder-based methods outperform the remaining
methods in almost all scenarios except for 10% and 40%
where there are differences below to 0.5%. MICE presents
a worst performance than in continuous features, ranking
second to last next to Softlmpute and GAIN.

The results for the Baseline methods show Autoencoder-
based methods, DAE and VAE, achieve lower errors than the
remaining methods. However, GAIN does not exhibit good
performance for any feature type. k-NN or MICE, obtain
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TABLE 3. WMAPE of continuous features for Baseline generation.

10% 20%  40% 60% 80%

Mean/Mode 0.747 0.663 0.591 0.588 0.586
SoftImpute ~ 0.830 0.802 0.790 0.821 0.865
k-NN 0477 0.510 0.487 0.516 0.543
MICE 0.527 0.551 0529 0551 0.576
GAIN 0.648 0.656 0.640 0.660 0.670
VAE 0.513 0467 0436 0423 0.430
DAE 0.494 0448 0.408 0.402 0.410

TABLE 4. Error rate of categorical features for baseline generation.

10% 20% 40% 60%  80%

Mean/Mode 0.343 0344 0.343 0359 0.370
SoftImpute ~ 0.383  0.372 0.383 0.433 0.480
k-NN 0.338 0.338 0361 0.379 0.396
MICE 0.393 0.396 0400 0427 0.420
GAIN 0.384 0.391 0415 0433 0.453
VAE 0.345 0342 0349 0358 0.367
DAE 0341 0336 0345 0.347 0.360

heterogeneous results. Although k-NN demonstrates robust
behavior for both data types, MICE does not obtain consistent
results for categorical variables because it ranks in a worst
position compared to continuous features.

B. PEARSON

The results for the Pearson generation methods are discussed
below. In Table 5, the WMAPE of each data imputation
method for each variant of Pearson generation is presented.
DAE outperforms the rest of methods in all missingness
rate scenarios when masking with the highest values for
continuous features. VAE method achieves a similar and
stable performance. Other methods, such as k-NN and
MICE, demonstrate deterioration related to an increase in
the missingness rate. Conversely, GAIN, Mean/Mode, and
SoftImpute achieve the worst results in this scenario. In par-
ticular, Softlmpute exhibits the steepest decay at extreme
rates. A similar analysis occurs when masking with the lowest
values. The only difference is that MICE outperforms the
other methods at 10% and 20% of missingness, showing a
similar worsening at higher rates.

TABLE 5. WMAPE of continuous features for pearson generation.

MM SI k-NN  MICE GAIN VAE DAE

10% 0484 0424 0355 0325 0.646 0.338 0.311
20% 0473 0474 0378 0335 0.623 0.336 0.304
Pearson T 40% 0472 0.582 0430 0396 0.609 0.354 0.314
60%  0.484 0.682 0.451 0.452  0.601 0.380 0.342
80% 0514 0.803 0496 0542 0.606 0.401 0.373

10% 0817 0490 0.549  0.368 0.601 0.495 0.472
20%  0.720 0494 0515 0396 0578 0453 0421
Pearson | 40%  0.661 0.542 0.553 0464 0.566 0.427 0.386
60%  0.647 0.619 0582 0511 0562 0422 0371
80%  0.658 0.723 0.645  0.640 0.604 0421 0.373
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In the Table 6, the results for data sets with categorical
features are shown. While the trend is nearly the same
as that observed for continuous features, greater diversity
is observed. At lower missingness rates, 10% and 20%,
Softlmpute and Mean/Mode achieve the best results when
masking with the highest values. Similarly, SoftImpute
outperforms the other methods when masking with the
lowest values for 10% of missingness. The results for both
masking processes, lower and higher, are similar from 40%
to 80%. DAE method exhibits the lowest error rate. Other
methods such as k-NN and VAE, demonstrate inferior results
than DAE at high missingness rates. MICE and SoftImpute
manifest the worst performance at extreme missingness rates.

TABLE 6. Error rate of categorical features for pearson generation.

MM SI k-NN  MICE GAIN VAE DAE

10% 0328 0311 0312 0380 0341 0.362 0.339
20% 0317 0317 0327 0374 0324 0354 0.328
Pearson T 40%  0.332 0365 0.357 0395 0.345 0.338 0.311
60%  0.358 0.407 0371 0413 0372 0342 0.318
80%  0.380 0458 0395 0429 0405 0.347 0.324

10% 0318 0307 0311 0.379 0.329 0.343 0314
20% 0321 0318 0324 0386 0335 0.330 0.307
Pearson | 40% 0333 0.382 0354 0403 0.342 0339 0.313
60% 0358 0436 0370 0427 0382 0335 0.307
80% 0378 0458 0388 0428 0401 0346 0.323

The results for continuous and categorical features indicate
that Machine Learning-based methods achieve a more stable
and precise performance than the other methods. In particular
those based on Autoencoders, consistently rank among the
first positions in all scenarios. Conversely, GAIN method,
presents worse results for continuous features.

C. MUTUAL INFORMATION
The results of the Mutual Information generation method
are discussed below. First, the performance of the different
imputation methods for continuous features is presented in
Table 7. In terms of which method rank better when consid-
ering a masking with the highest values process a comparable
situation is observed. DAE outperforms other methods in all
missingness rates. VAE and MICE method achieve slightly
worse error than these methods. Other methods such as
Mean/Mode or GAIN present the worst performance. Notable
differences arise from 40% to 80%. Autoencoders-based
methods exhibit robutstness while the other demonstrate a
deterioration to the increase of missingness rates. In addition,
GAIN show a lower error as the rate increases. When
masking with the lowest values, higher WMAPE is obtained
in general. The analysis is comparable to the highest values
masking process. The only remarkable difference is the better
performance of the MICE method, which ranks first at the
lowest missingness rates, 10% and 20%. Mean/Mode, GAIN,
VAE and DAE exhibit a slight decrease in the error at extreme
rates compared to the initial level.

The results for the categorical features are presented in
Table 8. Excluding MICE, which achieves the worst results
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TABLE 7. WMAPE of continuous features for MI generation.

MM SI k-NN  MICE  GAIN VAE DAE

10% 0480 0425 0.376 0.354 0.675 0.330  0.315
20% 0470 0453  0.435 0.350 0.643 0335  0.295
MI1 40% 0470  0.569  0.454 0.435 0.633 0346  0.315
60% 0476  0.671  0.466 0.436 0.607 0377  0.335
80% 0498  0.773  0.505 0.506 0.571 0399  0.365

10%  0.697 0471  0.492 0.363 0.642 0470 0429
20%  0.647  0.503  0.512 0.398 0.624 0446 0410
MI| 40%  0.644  0.558  0.559 0.433 0.584  0.421 0.360
60%  0.624  0.588  0.605 0.508 0.567 0.426  0.362
80%  0.623  0.704  0.613 0.584 0.591 0.421  0.382

at 10% of missingness rate, the other methods exhibit a
high degree of similarity when masking by the highest
values. In particular, Softimpute, k-NN and DAE obtain
the lowest error. GAIN and VAE perform slightly worse
than these methods. MICE present the worst performance in
this case. The results at 20% present a change since DAE
ranks first, followed closely by SoftImpute, with almost no
differences. The performance degradation of some methods is
observed from 60%. Neural network-based models are more
stable to the increase in the missingness rate, whereas other
models performs slightly worse in this scenario. Specially,
MICE, SoftImpute, and k-NN present the worst results at the
highest missingness rates. Considering the masking by the
lowest values, differences arise at lower missingness rates.
k-NN method outperforms at 10% with a slight difference
above Softlmpute. DAE, Mean/Mode, and k-NN exhibit
minimal differences in 20% scenario. In addition, as observed
with other generation methods, there is a decrease in the
performance of machine learning-based models, namely,
MICE, k-NN and SoftImpute starting from 40%. DAE and
VAE demonstrate robust behavior while maintaining lower
error rates than the other methods.

TABLE 8. Error rate of categorical features for Ml generation.

MM SI k-NN  MICE  GAIN VAE DAE

10% 0337 0310  0.320 0.373 0.341 0346 0.332
20% 0330 0306  0.332 0.366 0310 0345  0.304
MIT 40% 0380 0374  0.356 0.409 0.357 0.350  0.307
60% 0378  0.425  0.386 0.429 0376 0336 0.303
80% 0407 0447 0416 0.437 0416 0373  0.339

10% 0348  0.320 0.319 0.390 0.343 0.363  0.347
20% 0333  0.321 0.329 0.381 0.326 0358  0.321
MI| 40% 0386 0400 0.386 0.394 0.369 0.366  0.326
60% 0393  0.400  0.387 0.424 0.374 0362  0.320
80%  0.383 0410  0.390 0.421 0.393 0348  0.321

D. MINIMUM REDUNDANCY MAXIMUM RELEVANCE

In this subsection, The results of the MRMR generation
methods are presented. In the Table 9 it can be observed
the performance of the compared methods considering
continuous features. First, when masking with the highest
values, a scenario comparable to the Pearson method is
observed. These methods, including GAIN and Softlmpute,
exhibit increasingly unstable behaviour with rising missing-
ness rates. In contrast, Machine Learning-based methods,
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including MICE, GAIN, VAE and DAE exhibit less decay
to this increase. Particularly, DAE and VAE achieved the best
results while MICE and k-NN show poorer performance from
40% missingness rate. Similarly, DAE and VAE outperform
the other methods when masking with lowest values. It is
noteworthy that methods such as Mean/Mode, VAE, and
DAE exhibit an improvement in performance as missingness
increases.

TABLE 9. WMAPE of continuous features for MRMR generation.

MM SI k-NN  MICE GAIN VAE DAE

10% 0470 0.628 0.368 0.478 0.724 0.381 0.373
20%  0.454 0.721 0354 0462 0.680 0.340 0.332
MRMR 1 40% 0466 0.851 0407 0497 0.639 0357 0.345
60% 0490 0936 0462 0514 0620 0393 0.375
80%  0.505 0973 0488 0517 0.613 0414 0.388

10%  0.747 0.830 0477 0527 0.648 0.513 0.494
20%  0.663 0.802 0510 0.551 0.656 0.467 0.448
MRMR | 40% 0591 0.790 0.487  0.529 0.640 0436 0.408
60% 0588 0.821 0516  0.551 0.660 0.423 0.402
80% 0586 0.865 0543 0.576 0.670 0.430 0.410

The results of MRMR generation method considering
categorical features are presented in Table 10. There are
differences with respect to continuous features. Considering
the masking by highest values, Mean/Mode presents the
lowest error up to 40% of missingness rate. The differences
between this method and and the one which ranks in second
place are more subtle between 20% and 40%, as DAE and
k-NN exhibit a difference of just 1%. From this rate to 80%
the difference between DAE and the other widens. In contrast,
VAE method presents a stable behavior, particularly with
lower missingness rates. GAIN and MICE present the worst
performance in almost all missingness rates. If a masking
process with the lowest values is instead considered, more dif-
ferences arise. In this scenario k-NN method clearly achieves
the best results at lower missingness rates. Note that this
performance decreases as the missingness increases, which
demonstrates less robust behavior. From 20% to 80% DAE
method outperforms the other methods, with the exception of
the case of 40%, where there is hardly any difference.

TABLE 10. Error rate of categorical features for MRMR generation.

MM SI k-NN  MICE GAIN VAE DAE

10%  0.327 0374 0346 0437 0423 0361 0353
20% 0336 0407 0356  0.435 0428 0.350 0.343
MRMR 1 40%  0.347 0408 0.357 0425 0436 0358 0.358
60% 0364 0450 0382 0441 0435 0368 0.362
80% 0381 0496 0404 0425 0448 0370 0.369

10% 0343 0383 0.338 0393 0384 0345 0.341
20% 0344 0372 0338 0396 0.391 0342 0.336
MRMR | 40% 0343 0.383 0.361 0.400 0415 0349 0.345
60% 0359 0433 0379 0427 0433 0358 0.347
80% 0370 0.480 0.396 0420 0.453 0.367 0.360

E. DISCUSSION
A discussion is offered to summarize the results in four
scenarios, one for each combination of feature type and
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masking process. Thus, for each data set, the obtained metrics
are averaged considering the missingness rates. So, the mean
and the confidence interval of the 33 data sets are considered
for the comparison. First, a summary of the results obtained
for the continuous features using the lowest values for the
masking process is shown in Figure 4.
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FIGURE 4. Summary of the results of continuous feature and lower
masking process.

The results of the proposed methods are consistent,
although there are some differences between the performance
of some data imputation methods. These results are also
similar to those obtained using the baseline method, which
exhibits subtle differences in performance for almost all data
imputation methods. In particular, the behavior of the GAIN
and k-NN methods clearly deviates from that of the proposed
methods. Furthermore, there is another difference between
k-NN and MICE, in terms of which method ranks third
in the comparison. Autoencoder-based methods outperform
the remaining methods in terms of the compared generation
methods. MRMR exhibit fewer differences to the Baseline
method, which is expected given that in both methods only
one variable is causative.

A summary of the results for the continuous features using
the highest values for the masking process is observed in
Figure 5. The results produced by the proposed generation
methods are consistent with each other, as shown in the
previous example. Note that slightly lower errors occur
for these masking processes. The deviation between the
proposals and the Baseline method is greater due to opposing
extremes in the masking processes. In the proposals, there is
a notable decline in the GAIN and Softlmpute methods. The
performance gap between the remaining imputation methods
and the previous scenario is less pronounced than that of
GAIN and SoftImpute.

Below are presented the results for the categorical features.
Figure 6 shows the summary of results with masking
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FIGURE 5. Summary of the results of continuous feature and higher
masking process.

by lowest values. The proposed methods exhibit fewer
differences compared to the Baseline. The improvement in
the proposals is clearer in the performance of DAE and GAIN
compared to others. The proposals slightly reduce errors
without deviating from the baseline method.
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FIGURE 6. Summary of the results of categorical feature and lower
masking process.

Figure 7 presents the summary of the results considering
the higher values for the masking process. In this scenario,
the data imputation models perform similarly to how they did
previously. These two comparison highlight the differences in
mixed data sets, since categorical features are masked through
most frequent approach.

VOLUME 12, 2024



J.-F. Cabrera-Sanchez et al.: Perspective on the Missing at Random Problem

IEEE Access

Therefore, as discussed previously, the performance of the
proposed methods are aligned in both feature types to the
baseline generation method.
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FIGURE 7. Summary of the results of continuous feature and higher
masking process.

F. STATISTICAL TESTS

Furthermore, the performance of each data imputation
method is compared considering all synthetic generation
approaches. This comparison allows to assess which data
imputation is more robust to the missingness under MAR
mechanism. In order to carry out this comparison several
Bayesian statistical tests are conducted [31] by grouping the
results by data imputation methods instead of the synthetic
generation method. The tests offer advantages like the
calculation of probability and setting a threshold. These
approaches are versatile enough to be applied to compare
multiple models across various data sets.

To provide additional insights, a statistical analysis
of models performance was conducted, considering the
WMAPE and ErrorRate metrics. In these tests, a threshold
is established, and given the chosen metrics, at least 1% of
difference is necessary to consider it a significant difference.
Thus, the continuous and categorical scores were considered
before computing the mean for each data set and data
imputation method. In the Figure 8, two heat maps charts
are showed. The values represent the probability that the
model in row (Modely) outperforms the model in column
(Modelp). Thus, the greenish the cell, more probable it is that
the Modely is practically better than Modelp. For example,
MICE is practically superior to k-NN with a probability 60%
for continuous features.

Therefore, DAE method achieved the best results for
continuous features, followed by VAE and MICE. Between
these two methods, VAE outperformed MICE. k-NN method
ranks in fourth place because it is practically better than
GAIN, Mean/Mode, and SoftImpute. GAIN method only
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FIGURE 8. Statistical tests between data imputation methods.

achieves higher performance than SoftImpute, which it is the
worst for continuous features.

In the case of categorical variables, greater diversity is
observed. GAIN method achieves similar results to those
obtained for continuous features. Therefore, Softlmpute
remains the worst method for addressing categorical features.
The VAE did not demonstrate significant differences with
Mean/Mode since its probabilities are around 50%. This
means that it is not possible to conclude which is better. It can
be observed that DAE keep showing probabilities above 70%
with all methods, which means it was practically better than
the other methods. The differences in performance between
data imputation models for categorical features are smaller
than those for continuous features, in general.

VI. CONCLUSION

This work presents alternative methods for generating syn-
thetic missing data. These three methods employ techniques
for evaluating the correlation between features such as
Pearson correlation coefficient, Mutual Information and
Minimum Redundancy Maximum Relevance. Thus, these
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proposals are well fitted to generate missingness under the
MAR mechanism. These methods are flexible, since the
conditions may vary in terms of the masking process, which
allows multiple procedures to be used to select indexes that
are subject to missingness.

The proposals were assessed through several data imputa-
tion methods and compared with another MAR generation
method used as the baseline. The performance is aligned
with the baseline in terms of both WMAPE and Error
Rate, indicating the validity of the proposals. Regarding
the data imputation models used to evaluate the propos-
als, Autoencoder-based methods and MICE achieved the
best results in both variables: continuous and categorical.
In particular, the DAE and VAE methods exhibit robust
and consistent behavior in the three synthetic missingness
generation methods. The superiority of these methods have
been confirmed through several Bayesian statistical tests.

Therefore, the conducted benchmark allows giving a
perspective on the Missing at Random problem, from
synthetic generation to its resolution through data imputation
methods. In this sense, the comprehensive comparison of
these methods provides insights into which data imputation
method is more robust to this missingness mechanism.

In feature research, these methods can be compared
to other methods to generate missingness under other
mechanisms such as MCAR and MNAR. Thus, an exhaustive
benchmark with several missingness generation methods for
each mechanism, data imputation methods, and data sets
could be proposed.
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